Abstract: The behavior of holographic CFTs is constrained by the existence of a bulk dual geometry. For example, in (2 + 1)-dimensional holographic CFTs living on a static spacetime with compact spatial slices, the vacuum energy must be nonpositive, certain averaged energy densities must be nonpositive, and the spectrum of scalar operators is bounded from below by the Ricci scalar of the CFT geometry. Are these results special to holographic CFTs? Here we show that for perturbations about appropriate backgrounds, they are in fact universal to all CFTs, as they follow from the universal behavior of two-and three-point correlators of known operators. In the case of vacuum energy, we extend away from the perturbative regime and make global statements about its negativity properties on the space of spatial geometries. Finally, we comment on the implications for dynamics which are dissipative and driven by such a vacuum energy and we remark on similar results for the behavior of the Euclidean partition function on deformations of flat space or the round sphere.
fixed point of the RG flow is expected to behave like a conformal field theory (CFT), and thus studying CFTs should give insights into the near-fixed-point behavior of a wider class of theories. Indeed, a primary advantage of this simplification is that the conformal symmetry of CFTs strongly constrains their behavior, thereby giving rise to a large number of universal properties. However, there may exist other universal features of CFTs which do not follow in any obvious way from conformal symmetry; it is these sorts of features that serve as the main topic of this paper.
How may we gain insight into such "nontrivial" universal features of CFTs? One direction is provided by the AdS/CFT correspondence [1] [2] [3] , which relates the behavior of certain CFTs to gravitational physics in asymptotically locally AdS spacetimes. In particular, certain CFT states (in the limit of large central charge and strong coupling) are well-approximated by a classical gravitational dual, from which it is relatively easy to extract CFT statements. The properties of interest are those that are robust in the sense that they apply to all, or at least to a wide class of holographic CFTs -such as all those with duals that admit a conventional gravity description (in the sense of two derivative Einstein gravity coupled to matter). In such a case, the CFT is strongly coupled, and thus these statements are typically very nontrivial from a field-theoretic perspective. However, for this same reason we should not expect that all (or even most) of these statements should be universal to all (non-holographic) CFTs. For instance, the celebrated universality of the shear viscosity to entropy density ratio, η/s = 1/4π, only holds in CFTs with Einstein gravity duals [4, 5] ; finite-coupling or finite-N effects spoil this property, and in fact may even violate the conjectured bound η/s ≥ 1/4π of [6, 7] (see [8] for a review).
The spirit of our approach is therefore the following: while we should not expect all properties of holographic CFTs with classical gravity duals to be universal, any sufficiently robust properties are candidates that may generalize beyond the holographic setting. It is therefore natural to take such properties as guides for a purely fieldtheoretic analysis to see if they generalize to non-holographic CFTs. There are a number of holographic results with the potential to generalize to universal statements (e.g. the "bound on chaos" [9] or [10] 's holographic proof of the quantum null energy condition [11, 12] , recently proven without holography in [13] ) for CFTs on Minkowski spacetime. While these are fascinating, they will not fall into the scope of this paper. Instead, our focus will be on CFTs in curved spacetimes.
Curved spacetime QFT is particularly challenging since it lacks the symmetry of the full Poincaré group present when working on flat space. However, in the holographic context putting the CFT on a curved spacetime is very natural, changing only the boundary conditions for the dual gravitational system. The dual problem remains a geometric one [14] , the tools to study it being essentially the same as for a holographic CFT on Minkowski spacetime. The result is that one can hope to have far greater control over a holographic CFT when the spacetime it resides on is curved than in the conventional CFT setting. Robust statements for holographic CFTs can then be made that are surprising from purely CFT considerations.
Note that in this context, by a "CFT" we mean a theory on a general spacetime that is invariant under local conformal (or Weyl) transformations of the metric; such a theory should be more properly thought of as defined on a conformal geometry. In the special case where the conformal geometry is conformally Minkowski, we recover the usual notion of a CFT as a QFT invariant under the conformal group. Since we will generally be interested in odd dimensions, there is no Weyl anomaly and we expect any CFT on flat space can be promoted to such a conformally (or Weyl) invariant theory on a general conformal geometry.
Let us now outline our results. We will focus specifically on generalizing the curved space results of [15] [16] [17] , which found that if a holographic (2+1)-dimensional CFT on R × Σ (with Σ a compact space of genus no higher than one) has an Einstein gravity dual the following statements hold: (i) the vacuum energy E vac (or Casimir energy) is non-positive; (ii) the vacuum energy density ρ vac is positive somewhere but negative when integrated inside any level set of the Ricci scalar of Σ; and (iii) when Σ has spherical topology, the spectrum of a scalar operator Φ is bounded below by the minimum value of the Ricci scalar of Σ. In fact, though these are derived for compact Σ, results (i) and (ii) also hold on non-compact spaces, as can be inferred by taking Σ to be a torus whose size is taken arbitrarily large. By performing a field theoretic analysis, we will show perturbatively that statements (i) and (ii) are indeed universal to all unitary (2+1)-dimensional CFTs when Σ is a small deformation of the round sphere or flat space 1 , and that (iii) holds universally for the deformed round sphere. Moreover, we will partially extend our perturbative result for property (i) to a global statement by relating the presence of geometries with positive E vac to the behavior of E vac at the boundary of the space M of geometries on which the theory is well-defined. We emphasize again that while our analysis is motivated by holographic considerations, our final results are purely field theoretic and apply to all unitary (2+1)-dimensional CFTs.
It is worth highlighting explicitly the central theme of our perturbative approach. The idea is to show that when Σ is a small deformation of the round sphere or flat space, the object of interest in properties (i)-(ii) above (namely, the vacuum energy density ρ vac ) is perturbed by a two-point correlator whose behavior is universal due to conformal symmetry. Specifically, by working with the partition function Z in Euclidean signature, we show that the leading-order variation to the vacuum energy E vac and energy density ρ vac are determined by the two-point function of the stress tensor on the unperturbed background geometry (i.e. the round sphere or flat space). Since for a unitary CFT this correlator is fixed (up to overall positive constant) by conformal invariance, then any CFT must reproduce the holographic results (i)-(ii) for small perturbations of Σ away from the round sphere or flat space. Likewise, when Σ is a small deformation of the round sphere the leading order perturbation to the lowest mode in the spectrum of any scalar operator Φ can be related to a three point-correlator of Φ with the stress tensor, which also has universal behavior. Thus the holographic result (iii) also holds for any CFT when Σ is a small perturbation of the sphere. An important subtlety is to show that these results, which are all bounds and are saturated on the unperturbed space, are not saturated at this universal leading order in perturbation theory. If they were, higher orders which involve non-universal higher point functions could spoil the bounds.
We then extend these results slightly away from the perturbative regime and obtain a global statement on E vac . Specifically, we will conclude that the neighborhood of the round sphere or flat space on which E vac is negative must in fact extend to the boundary of the space of metrics on which the CFT is well-defined (that is, the space of conformal geometries with negative E vac is "large"). This result makes it tantalizing to conjecture that for all (2 + 1)-dimensional unitary CFTs, E vac may be non-positive on any geometry Σ.
In fact, these arguments make it natural to also consider the partition function Z on a compact Euclidean space that does not have a Lorentzian continuation. In particular, holographic arguments again bound ln Z for a three-dimensional holographic Euclidean CFT given a gravity dual with given topology [16, 18, 19] . For a round Euclidean sphere such a CFT saturates the bound, and any deformation to the sphere increases ln Z. As above, we show that this result also extends perturbatively to arbitrary CFTs. Such a statement is interesting in light of recent work on the so-called F-theorem, which conjectures that the partition function of Euclidean CFTs on a round sphere increases under RG flow [20, 21] . Indeed the behavior of ln Z under particular squashing deformations of the sphere has been recently studied in [22, 23] . Another intriguing connection is that ln Z for a Euclidean 3-dimensional CFT has been conjectured to describe the wavefunction of the universe [24] , and the behavior of it on deformations of a round sphere then describes the probabilities associated to inhomogeneous cosmologies. This paper is organized as follows. In Section 2, we review the aforementioned holographic bounds on the vacuum energy and spectrum of scalar operators, which follow purely from bulk geometric statements. In Section 3 we use perturbation theory to show that the bounds on the vacuum energy (and energy density) are obeyed perturbatively in any (2+1)-dimensional CFT under static perturbations to flat space or the round sphere. In Section 4 we extend the perturbative bound on E vac into global statements and study some of the physical consequences of this result. Finally, in Section 5 we show that the bound on the spectrum of scalar operators is also obeyed perturbatively in any CFT under static perturbations to flat space or the round sphere, and we briefly summarize in Section 6. Appendices A and B generalize our perturbative results for E vac to analogous perturbative bounds on ln Z for deformations of Euclidean flat space or the three-sphere.
Notations and Conventions. Unless otherwise specified, we will consider CFTs on a three-dimensional Euclidean geometry M which we take to be of the form R × Σ for some two-dimensional space Σ. The Euclidean metric on M will be denoted by G AB and the metric on Σ by g ij . We will sometimes invoke a holographic bulk dual; spatial indices (i.e. non-Euclidean time indices) in this dual will be denoted by I, J, . . .. We warn the reader that some of these conventions differ from those of [15] [16] [17] .
Review of Holographic Bounds
Let us now briefly review the holographic derivation of the bounds advertised above; more details can be found in [15] [16] [17] .
E vac ≤ 0
First, we review the negativity of the vacuum energy of a holographic CFT on R × Σ with a gravity dual when Σ is taken to be compact. Because the boundary metric is static, we expect that the bulk dual to the vacuum state should be static as well. It is therefore convenient to work in Euclidean signature and consider a general threedimensional Euclidean boundary metric G AB . Recall that per the usual holographic dictionary, a classical bulk solution corresponds to a saddle point of the Euclidean partition function Z, and therefore we have that in the leading semiclassical approximation (or 1/N expansion when the CFT is a gauge theory, such as the ABJM theory [25] ) the on-shell Euclidean action S E of the bulk determines the partition function as ln Z = −S E .
We will work in the universal gravity sector, where the bulk is described by vacuum Einstein gravity. Note that even if the bulk dual to the CFT vacuum is not contained in this sector (e.g. if the bulk dual to the vacuum state contains condensates of bulk matter fields), any state described by pure gravity will have an energy no greater than that of the true vacuum E vac . Thus showing that E vac ≤ 0 in the universal gravity sector is sufficient to show that E vac ≤ 0 for all vacuum states on geometries admitting pure gravity bulk duals. Now, in this universal sector, the (suitably regulated) on-shell action is proportional to the renormalized volume V ren of the bulk: V ren = 8πG N l 2 S E /3, with G N the bulk Newton's constant and l the AdS scale [19] . The partition function is therefore related to this renormalized volume as
The key observation stems from a result of Anderson [18] : the Gauss-Bonnet theorem implies that the renormalized volume of the bulk is bounded by its topology as
with χ bulk the bulk Euler characteristic. The partition function therefore obeys the bound
where c holo ≡ l 2 /(16πG N ) is the effective CFT central charge of the holographic theory (with c holo ∼ N 2 in the case of a gauge theory). We require c holo 1 in order to justify the semiclassical approximation of ln Z by the classical bulk dual. It is worth noting that (2.2) (and therefore also (2.3)) is saturated if and only if the bulk Weyl tensor vanishes, implying that the bulk must (locally) be hyperbolic space.
To prove that E vac ≤ 0 for holographic CFTs on R × Σ, it is convenient to first work with thermal states with inverse temperature β ≡ 1/T and then take the zerotemperature limit (subject to a mild regularity assumption). We therefore temporarily place the CFT on S 1 × Σ, writing the boundary metric as
with τ ∼ τ + β and g ij the metric on Σ. We also assume that the U (1) isometry generated by ∂/∂τ is shared by the full bulk solution. Now we make two observations. First, the partition function determines the free energy F of the state as F = −T ln Z. Second, the bulk Euler characteristic χ bulk can be expressed in terms of the Euler characteristics of the fixed points ("bolts") of the U (1) isometry (which correspond to Killing horizons in Lorentzian signature) as [16, 26] 
5)
2 Fermions in the CFT are given antiperiodic boundary conditions around the S 1 .
where n indexes the bolts and χ n are their Euler characteristics. Combining these two observations with (2.3), we obtain
The desired bound on the vacuum energy E vac is obtained by taking the T → 0 limit: noting that F = E − T S and assuming the ground state is sufficiently well-behaved that T S → 0 in this limit, we find that E vac = lim T →0 F and therefore
with saturation only when the bulk is Euclidean AdS (or a quotient thereof). It is worth emphasizing explicitly that since this bound is obtained from a classical bulk geometry, it is really a statement about the leading-order behavior of E vac ∼ N 2 . But since it is saturated only when the bulk is (locally) pure Euclidean AdS, it must in fact hold under arbitrary perturbative corrections in 1/N .
As an aside, it is interesting to note that the bound (2.3) holds for any Euclidean boundary geometry. If we are uninterested in a static Lorentzian continuation, we may for instance take the boundary metric to be a topological three-sphere. We would then expect the bulk vacuum geometry to have Euler characteristic χ bulk ≤ 1, with χ bulk = 1 in the most natural case where the bulk is a topological four-ball (though note it is unclear that a bulk infilling solution should always exist; see [27] for work in this direction). We therefore conclude that for a holographic Euclidean CFT on a topological three-sphere, we have
As for the energy, this bound is saturated only when the bulk is (locally) hyperbolic space, and so the boundary metric is the round three-sphere.
Vacuum Energy Density
Since E vac is generically negative, it follows that the local energy density ρ vac on R × Σ must be negative somewhere as well. Can this statement be made more precise?
The answer is yes [17] , though the simple topological arguments used above are insufficient for doing so. The idea is to decompose the bulk metric into the so-called optical metricḡ IJ on each (Euclidean) time slice as
where Z(y) is essentially a redshift factor. The equations of motion and Bianchi identities then imply that the Ricci scalar computed from the optical metricḡ IJ obeys
from which it follows that for an arbitrary non-negative and non-increasing functionf , we must have
Integrating the left-hand side of (2.11) over an entire bulk time slice, integrating by parts, using the near boundary behavior ofR, and imposing appropriate wellbehavedness properties of the bulk in the T → 0 limit, one obtains [17] 
where f is any non-negative and non-increasing function (simply related tof by f (x) = f (3x)), R is the Ricci scalar of Σ, and the usual volume form on Σ is implied. In the limiting case that f (x) is taken to be a step function, it follows that the vacuum energy density obeys the family of bounds Note that taking r ≥ max(R) then simply reproduces the bound (2.7), while taking r → min(R) implies that ρ vac ≤ 0 at a point where R attains its minimum value. Again we emphasize that since they were derived from a classical bulk, all these statements are really constraints on the O(N 2 ) behavior of ρ vac in N . However, since all of these inequalities are only saturated when the bulk is pure AdS (or a quotient theoreof), for nontrivial boundary geometry they are strict. This implies that they are in fact robust to perturbative corrections in 1/N . However, unlike the bound E vac ≤ 0, these local energy density bounds are less robust if Σ is sufficiently deformed that the true vacuum involves condensates of other bulk fields (i.e. if the bulk dual to the vacuum is not in the universal gravity sector).
While the bounds (2.13) are formally derived for compact Σ, they hold just as well when Σ is a deformation of flat space. This can be intuited by taking Σ to be a flat torus deformed in some region R. Taking the size of the torus to be arbitrarily large while keeping R fixed, we expect ρ vac to become independent of the torus size in this limit and to vanish outside of R. Thus we conclude that (2.13) (as well as (2.7)) is obeyed when Σ is any compactly-supported deformation of flat space. More precisely, (2.13) can be rederived for non-compact Σ using essentially the same bulk gravity derivation as in the compact case with only two key differences. First, the deformation of Σ from flat space must fall off sufficiently fast that f (R)ρ vac is finite. Second, we must work directly at zero temperature (rather than take a zero-temperature limit) to ensure that any potential boundary terms from bulk horizons vanish; this will be guaranteed assuming the bulk ends on an extremal horizon with finite entropy 3 . As in the compact case, the bounds will be sharp only for flat space -any localized deformation of it will result in strict inequalities.
Finally, we mention that despite the fact that the family of bounds (2.13) implies negativity conditions on ρ vac , it is in fact possible to show that when Σ has genus zero or one, ρ vac must generically be positive somewhere (with the only exception again being pure AdS, when ρ vac = 0 everywhere). The proof of this statement follows from the so-called inverse mean curvature flow [17] and is essentially a consequence of the results of [29] .
Spectrum of Scalar Operators
Let us conclude by reviewing a final bound on the spectrum of scalar operators. Specifically, consider a CFT of any dimension d on a static spacetime R × Σ for compact Σ, and consider a scalar operator O of dimension ∆ 4 dual to a minimally coupled bulk scalar field φ of mass l 2 m 2 = ∆(d − ∆). Assuming the CFT vacuum state corresponds to a static bulk spacetime with no horizons or singularities, the bulk field φ may be expanded in the optical coordinates of (2.9) as φ = e iωt Z ∆ j ω for some j ω (y I ). In [15] it was shown that the bulk equation of motion ∇ 2 bulk φ = m 2 φ can be used to express the frequency ω in terms of j ω (y I ) as 14) where the integrals are taken over a static time slice of the bulk. We emphasize that this expression is written covariantly with respect to the optical metricḡ IJ (in particular,R is the Ricci scalar ofḡ IJ ).
In [15] , the above expression for ω 2 was used to obtain a lower bound as follows. In general dimension, the generalization of the elliptic equation (2.10) can be used to conclude thatR is minimized on the asymptotic boundary Z = 0, where an analysis of the asymptotics shows that it is related to the boundary Ricci scalar R asR = dR/(d − 2). This fact, coupled with positivity of the first term in (2.14) above, guarantees that the lowest frequency in the spectrum is bounded below by 15) with R min the minimum value of the boundary Ricci scalar (i.e. the Ricci scalar of Σ). Note that this bound is saturated precisely when Σ is a round sphere, in which case the lowest mode has constant j ω . Let us pause for a few comments. First, the reader may be concerned that this bound is not "universal" in the sense that even in the purely holographic setting, it does not arise in the pure gravity sector of AdS/CFT: it requires the addition of the bulk scalar field φ. But generically any top-down construction of a holographic duality will involve many such bulk scalars (these might come from e.g. supergravity scalars or from Kaluza-Klein modes of an internal space); while such scalars may have complicated nonlinear actions, for fluctuations about the "universal vacuum" where only gravity is turned on these fluctuations obey the canonical linear scalar field equation ∇ Secondly, we emphasize that the holographic calculation requires Σ to be compact and that the bulk dual to the vacuum state have no horizons or singularities. But when Σ has genus higher than a sphere, the bulk vacuum geometry generically ends on a (quotient of an) extremal horizon. We therefore expect the bound to only apply when Σ has the topology of a sphere; in such a case, the bound can be interpreted as a guarantee that the vacuum geometry is stable against scalar fluctuations, and hence against scalar condensation, as long as the Ricci curvature remains positive everywhere.
Thirdly, the bound (2.15) is not just an artefact of our holographic derivation; indeed, we can obtain the same bound for a free conformal scalar. To that end, consider a free conformal scalar operator Φ living on R × Σ (still with Σ compact); this operator obeys
where ∇ 2 and R are the Laplacian and scalar curvature of Σ. We may again expand Φ into modes as
for some wave function J ω . With this decomposition, (2.16) takes the form
Multiplying by J ω , integrating over Σ, and integrating by parts using the fact that Σ is compact, we obtain
(the natural volume element on Σ is understood). Again noting positivity of the first term in the integral and the fact that Φ has conformal weight ∆ = d/2 − 1, we thus immediately recover the bound (2.15). That the bound is obeyed for a holographic and a free scalar CFT is very suggestive that it is likely to hold more generally, and indeed we shall later provide evidence that this is the case in any CFT for perturbations of the round sphere.
Finally it is interesting that the bound (2.15) is given in terms of the Ricci scalar, when perhaps the naïve expectation for such a bound would be in terms of the inverse volume of Σ. Could there be a "simpler" bound of the form ω 2 min ≥ cVol(Σ) for a positive constant c universal to all CFTs? In fact in the case of the free scalar it is easy to show that for smooth (and hence finite volume) Σ it is possible for ω 2 min to be negative (provided that R min is), ruling out such a bound. Consider a simple example taking Σ to be a deformed sphere: 20) where r > −1 to ensure the perturbation is regular everywhere. The Ricci scalar is 21) and thus for r > 1/6 we see R < 0 near the poles θ = 0, π. Now, by (2.19) and standard variational arguments, any test wave function J test yields a bound ω
we find 23) and thus for r > 15/4 we are guaranteed that ω 2 min < 0. This verifies that any lower bound on ω 2 min must be allowed to go negative, and in particular cannot be as simple as an inverse volume scaling. We will return to this example later in section 4.1 as it shows this scalar CFT partition function may become ill-defined for smooth Σ.
Perturbations of (Locally) Weyl Flat Metrics
Let us now study how the holographic results outlined above are reproduced perturbatively in general CFTs.
E vac and the Partition Function
We are ultimately interested in Lorentzian CFTs on static spacetimes, but as above it is convenient to work in Euclidean signature. In that case, recall that for a general QFT, the partition function is defined on a given Euclidean space M with metric
is the Euclidean action and X are all the QFT fields being integrated over in the path integral. This partition function defines the vacuum state in the sense that its functional derivatives yield the vacuum expectation values (VEVs) of all QFT operators. In particular, the VEV of the stress tensor operator
and so the variation to ln Z under a perturbation G AB → G AB + H AB is given by
where indices are raised and lowered with respect to the background metric G AB and here and below, the natural volume element on M is understood in the integral.
Here we are specifically interested in a CFT living on Euclidean R × Σ with Σ a two-dimensional space. However, for the purposes of this section it will again be convenient to instead take the CFT to live on the Euclidean geometry M = S 1 × Σ, whose metric we write as
with g ij the metric on Σ and the Euclidean time τ periodic with period β. With appropriate fermion boundary conditions we may regard this continuation as the usual one for thermal field theory, with β being inverse temperature. Then (under the assumption that the system is well-behaved at zero temperature and has a non-degenerate vacuum state) our vacuum results can be obtained in the β → ∞ limit, which sends the S 1 to R. Specifically, we are interested in the vacuum energy E vac , defined as
In this limit we expect the ground state to dominate the dynamics, and therefore the free energy F = −β −1 ln Z should approach E vac : F → E vac . This observation is crucial, as it allows us to exploit features of the partition function to derive properties of E vac . Let us therefore compile these properties before deriving our perturbative results.
From the Lorentzian perspective the metric G AB is static, and therefore we expect the VEV of the stress tensor to be static as well. This implies its only nonzero components are the vacuum energy density ρ and spatial stress tensor t ij , 5) and that these are both constant in τ . In particular, note that a constant perturbation δG τ τ changes β by δβ = −δG τ τ β/2, and thus per definition (3.4) we may write E vac as the integral of ρ on Σ:
where we used the fact that dτ = β. Likewise, we may also consider a purely spatial perturbation h ij which leaves G τ τ unchanged; then from (3.2) we have
and therefore again from (3.4) we find that
We may interpret this expression as a generalization of the usual thermodynamic relation "δE = −P δV ". Moreover, having now exploited the β → ∞ limit to obtain (3.6) and (3.8), we no longer have a use for the regulator β, and henceforth we will proceed at zero temperature. Our goal will be to derive universal bounds on E vac [g + h] when g is flat space or the round two-sphere. In order to do so, we must express T AB G+ H in terms of universal quantities. Let us thus restrict to (2 + 1)-dimensional CFTs and consider the behavior of ln Z under perturbations when G AB = ω 2 (x)δ AB is (locally) conformally flat. In particular, we will only consider theories on G AB whose ground states are obtained via the conformal map generated by ω from the ground state on Euclidean flat space R 3 ; in other words, all VEVs in the ground state on M must be obtained via conformal transformations from the VEVs of the ground state on flat space 6 . In such a theory, the ground state must be invariant under the conformal group, which in particular means that one-point functions must vanish. The expansion of the partition function thus yields
where the subscript ω denotes that the expectation value is computed in the geome-
But the two-point function above is obtained via a conformal transformation from that on flat space, which is in turn heavily constrained by conformal symmetry. Indeed, in the conformally flat coordinates in which the metric takes the form G AB = ω 2 (x)δ AB , we have
and where the overall normalization c T is required to be positive by unitarity. In the case that the CFT has a holographic dual, c T is related to the "holographic" central charge as
Next, in order to obtain a useful explicit expression for E vac , it is convenient to re-express ln Z[G + H] in terms of one-point functions which take a universal form. 6 This requirement is important: for instance, if the Weyl factor ω(x) is singular or vanishes somewhere, the geometry G AB fails to be globally conformally flat. In such a case, one could in principle consider a CFT on G AB at which "extra" boundary conditions are imposed at these singularities; the ground state of such a theory would not be obtained in any simple way from the ground state on R 3 , and the universality results discussed here would not obviously apply.
7 A discussion of this was given recently in [23] , where the order O( 3 ) terms involving 3-point functions are given explicitly.
To do so, note that by taking a functional derivative of (3.9), we conclude that the one-point function of the stress tensor in the perturbed geometry is
Therefore, for a conformally flat geometry G AB , the variation of ln Z can be written as
(The attentive reader may have noticed that the coefficient of the integral in this expression differs by a factor of −1/2 from what might have been expected from (3.2). This is due to the fact that the variation H AB and the geometry G AB + H AB are not independent, and thus (3.2) does not apply.) Now, the unperturbed spacetimes in which we are interested take the form R × Σ for Σ either flat space or the round sphere. Both of these are (locally) conformally flat, and therefore the change in the partition function under a perturbation of Σ is captured by (3.13) . Considering therefore static perturbations h ij to the metric g ij of Σ and using (3.13) and (3.4), we finally obtain our expression for the perturbed vacuum energy:
where from (3.12) we have
It is worth mentioning explicitly that while both t ij and ρ are τ -independent, the twopoint function of the stress tensor actively does depend on the difference in Euclidean time of its arguments.
Perturbative Energy Bounds
We may now derive the advertised bounds (2.7) and (2.13) on E vac and ρ vac for any (2 + 1)-dimensional unitary CFT for Σ a deformation of flat space or the round sphere. These bounds are clearly saturated when Σ is flat or a round sphere (since then ρ vac = 0), and from (3.14) and (3.15) it follows that the leading-order corrections to E vac [g + h] and ρ vac [g + h] can be expressed in terms of the two-point function (3.10a) of the stress tensor. Because this two-point function is universal to all CFTs, we may in particular compute this leading-order correction in holographic CFTs. Showing that (2.7) and (2.13) are obeyed perturbatively by all CFTs thus amounts to showing that they are obeyed as strict inequalities at leading nontrivial order in in holographic CFTs for any perturbation h ij that deforms Σ from being flat or a round sphere. One is then guaranteed that in some neighbourhood of geometries of flat space or the round sphere, the bounds are obeyed by any CFT 8 . We emphasize the importance of showing the bounds are strict for any perturbation: if there existed perturbations that left the bounds merely saturated at leading order in , then non-universal higher-point functions might spoil them at higher order in .
To show that the bounds are indeed strictly obeyed at leading order in , we rederive the holographic bound (2.12) in the perturbative regime. Let us first take f (x) = 1, in which case by integrating over a static time slice Σ of the optical bulk metric we have
where we have used the fact that at zero temperature any contributions from horizons vanish, the last equality is obtained using (2.10), and the second is derived in [17] . For Σ a round sphere or flat space, the Ricci scalar R of Σ is constant and the bulk vacuum geometry is locally AdS; consequently the optical metricḡ is Einstein, E vac [g] = 0 and the bound (2.12) is saturated. This is consistent with our previous discussion, where we know the vacuum energy density (being a one-point function) must vanish exactly, not just to leading order in large c holo . For any perturbation h to the metric g on Σ away from a round sphere or flat space, the Ricci scalar of Σ will be perturbed away from being constant at O( ); this relies on the fact that any smooth perturbation of a two dimensional round two-sphere or flat space can be written as a scalar (or Weyl) perturbation of that space (which is not true for higher dimensions, where non-trivial tensor perturbations can leave the Ricci scalar invariant at O( )), and we will discuss it more explicitly in Sections 3.3 and 3.4. Now, the Bianchi identity implies that the trace-free bulk optical Ricci tensor obeys the condition
moreover, the boundary value of the optical Ricci scalarR is (up to a positive constant) the value of the boundary Ricci scalar R. But since any nontrivial deformation of the boundary metric must yield a non-constant R at O( ), we conclude from the above equation that under any such deformation, the trace-free bulk optical Ricci tensor is nonvanishing at O( ). Comparing with (3.16), we thus conclude that under any nontrivial deformation of the boundary geometry, E vac [g + h] becomes strictly negative at O( 2 ) (and vanishes for = 0). But as shown above, the O( 2 ) variation to E vac is determined from universal CFT correlators, and thus we conclude that this property must hold in any (unitary) CFT. This verifies that the bound (2.7) extends to all CFTs for Σ in the neighborhood of flat space or a round sphere.
Next, let us consider a more general weighting function f (x). Again R is constant on flat space or the round sphere and is non-constant at order O( ) for any deformation away from these. We require the weighting function f (R) to vary nontrivially at O( 0 ) to obtain a nontrivial family of bounds; we therefore replace the weighting function with f (R/ ) (so that variations of f are O( 0 )). Then following [17] to derive (2.12), we have
We have already established that the first term on the right-hand side is O( 2 ). On the other hand, the second term is O( ), sincef (R/ ) is O( 0 ) and ∇ IR vanishes to order O( ) if and only if the Ricci scalar R is constant at order O( ). Thus (sincef (x) < 0 somewhere for nontrivial f ), for any nontrivial perturbation taking g away from being flat or round (and hence away from a constant R at O( )) the integral of the second term is strictly negative at O( ). But since we argued above that the O( ) variation in ρ vac is universal, this property must hold perturbatively in any CFT as well. This verifies that the bound (2.12) extends perturbatively to all CFTs for a smooth f (x), i.e. it holds in a neighborhood of the round sphere or flat space metrics on Σ. In the limit that f (x) becomes a step function, one recovers the bound (2.13) with the caveat that the "step" in f (R) cannot lie at a value of R where ∇R = O( 2 ) everywhere on that level set of R in Σ 9 . Thus modulo this minor caveat, we perturbatively reproduce the bound (2.13) as well. Finally let us turn to the holographic result that ρ vac must be positive somewhere on Σ for Σ genus zero or one. The perturbative extension of this to any CFT for a perturbation of the sphere or flat space follows elegantly from the discussion above. We have seen that for any perturbation away from flat space or the round sphere we have
2 ). Choosing r = (min R + max R) /2 we also have R≤r ρ vac < 0 and R≤r ρ vac ∼ O( ) (modulo the caveat mentioned above, in which case one would simply take a different r). Clearly this implies R≥r ρ vac > 0 and R≥r ρ vac ∼ O( ) which in turn requires that ρ vac be positive somewhere in the region R ≥ r of Σ.
While powerful, these arguments were indirect in the sense that they never explicitly compute the corrections to E vac or ρ vac . As a check, let us now show explicitly how E vac and ρ vac vary under perturbations. We perform these computations by using a holographic dual to evaluate the 1-point function T AB g+ h , yielding ρ and t ij and then via (3.14) we obtain E vac . We note that one could equivalently compute directly in CFT language using the universal form of the two-point function (3.10a) and explicitly computing the integral in (3.15 ). An advantage of our approach is that the UV divergences are simply regulated using the holographic renormalization prescription, and there is no IR divergence which one would encounter when performing the integral over τ in (3.15) -this has already been conveniently taken care of in the discussion leading to (3.14). Of course since t ij in (3.15) has a universal form, however one computes it one must obtain the same result, and in the end simplicity is essentially a matter of taste.
3.3 Deforming a CFT on Static R 2 Let us consider "static" metric perturbations to Euclidean flat three-dimensional space, 19) where the perturbation h ij on Σ is τ -independent. In general, h ij can be decomposed into scalar, vector, and tensor perturbations, but in two dimensions none of the tensor perturbations are independent, and the vector perturbations just correspond to diffeomorphisms. Thus the only nontrivial perturbations are scalars, which we decompose into Fourier modes: 20) where reality of h ij implies χ(−k i ) = χ * (k i ). Note that the χ(k = 0) mode corresponds to an overall rescaling of Σ, which in turn corresponds to an overall Weyl rescaling of the full geometry R × Σ leaving it locally conformally flat. Such a rescaling is trivial, and therefore we are uninterested in these k = 0 modes. However, the k = 0 modes are all non-trivial, deforming the geometric away from local flatness so that the Ricci scalar R of Σ is non-zero at order O( ). Now, we write the bulk solution (which is assumed static) as
clearly the boundary perturbation is χ(x i ) = A(0, x i ). Then for a single Fourier mode we write A = e −ik j x j a(z), B = e −ik j x j b(z), and C = e −ik j x j c(z) and find that the bulk equations of motion at O( ) reduce to
For appropriate boundary conditions at the Poincaré horizon, the first is solved by
so we identify χ(k i ) = a 0 (k i ). The stress tensor one-point function may be extracted in the standard way [30, 31] by converting to Fefferman-Graham coordinates (Z, X i ) given by
24a)
from which we obtain the spatial stress tensor
Thus for the general perturbation (3.20) we find, using the identification a 0 (k i ) = χ(k i ) and (3.11) , that the boundary stress tensor is 26) and therefore from (3.14) we find that
This immediately implies that any non-trivial perturbation (ie. k = 0) decreases E vac to leading nontrivial order in . Hence we see precise agreement with the less constructive argument in Section 3.2 which implied such deformations must decrease E vac at O( 2 ). As a final point, let us obtain a more explicit expression for ρ vac . For a single Fourier mode h ij (x) = χ(k k )e −ik j x j δ ij , the boundary Ricci scalar R and energy density (computed from (3.15b)) are
We see explicitly that indeed there exist regions on Σ where ρ vac > 0 for any single mode. Interestingly, in this language it is not at all obvious how the bound f (R)ρ vac ≤ 0 arises. With the explicit expressions above, directly obtaining the bound is a non-trivial challenge requiring integration over modes to form a deformation of localized support. Nevertheless, the holographic calculations of Section 3.2 guarantee the bound must hold. This is a nice illustration that robust bounds derived in the holographic context may be highly non-trivial, and indeed non-obvious, from the purely CFT perspective, showing the power of holography to give potential new statements for CFTs in this curved spacetime context.
Deforming a CFT on the Static S 2
Next, let us repeat the above analysis for perturbations of a round sphere. The space R × S 2 can be obtained via a Weyl rescaling of three-dimensional Euclidean space by taking a Weyl factor of ω(x) = 1/|x|, with |x| the usual Cartesian distance. Specifically, under the coordinate transformations
the Weyl rescaled metric G AB = ω 2 (x)δ AB takes the form
where Ω ij dθ i dθ j = dθ 2 + sin 2 θ dφ 2 is the usual metric on the round S 2 . Since R × S 2 is locally conformal to flat Euclidean space, the results of Section 3.1 apply. Let us therefore consider a perturbation of the round sphere; as above, the only nontrivial independent perturbations are scalars, so we consider a perturbation to the sphere of the form ds
Again, it is natural to decompose χ into spherical harmonics Y m :
Note that the only nontrivial modes have > 1, for the = 0 mode just corresponds to a rigid rescaling of the sphere (which leaves the full conformal geometry M invariant), while the three = 1 modes just correspond to infinitesimal diffeomorphisms corresponding to rigid rotations of the sphere. For > 1 these scalar modes deform the Ricci scalar R to be non-constant at order O( ). Writing the bulk metric as
the boundary perturbation is χ(θ i ) = A(0, θ i ). Now we decompose the perturbation into spherical harmonics on the S 2 and consider a single such mode:
(z). The bulk equations then yield
The solution to (3.34a) which is regular in the bulk is
in terms of which the boundary perturbation is χ(θ i ) = b 0 Y m . To obtain the stress tensor, we again change to Fefferman-Graham coordinates (Z, Θ i ) via
from which we finally obtain 16πG
with ∇ i the gradient on the S 2 . Thus under an arbitrary perturbation (3.32), we have
Then using (3.14), orthogonality of the spherical harmonics, and reality of the metric perturbation, we find
It is easy to show that p is positive for all > 0 and vanishes for = 0; thus this perturbation vanishes only for = 0 and = 1. But these are precisely the trivial modes we excluded, and thus we find that any nontrivial deformation of the sphere (which perturbs R from being constant at order O( )) does indeed decrease E vac at leading nontrivial order O( 2 ), again in precise agreement with the non-constructive argument in Section 3.2.
Finally, let us again examine the behavior of ρ vac . For a single mode, the Ricci scalar and energy density (computed from (3.15b)) of the perturbed sphere are given by
Again we see regions on Σ where ρ vac > 0 for any single mode. For a single mode we also have S 2 δR = 0, and thus R≤r δR ≤ 0 for any r. But since δR is proportional to ρ vac , we again recover
for all r. As for flat space, the gravitational calculations of Section 3.2 require that this bound hold for any sum of modes although as we emphasized before, this condition is far from obvious in this language.
Partition Functions on More General Euclidean Geometries
So far we have focused exclusively on the behavior of the vacuum energy in conformal geometries R × Σ when Σ is a perturbative deformation of flat space or a round sphere. But since E vac is closely related to the partition function Z, we may wonder whether these perturbative results lead to more general conditions than the ones we have presented so far. This is indeed the case: on Euclidean geometries that are small deformations of flat space or the three-sphere, it is possible to show that ln Z must increase perturbatively. Though not directly relevant to our purposes, we present these arguments in Appendices A and B. In particular, for perturbations of flat Euclidean space we perform the calculation both holographically and in purely field theoretic terms to show explicitly that they match (as they must, since as we have shown the quadratic perturbation to ln Z is given in terms of correlators with universal behavior). This result is interesting in light of the fact that the behavior of ln Z for CFTs on deformed spheres has received recent attention in [22, 23] , motivated in part by the F-theorem [20, 21] , where specific CFTs (holographic or free) where solved for a specific squashing deformation of the round sphere geometry non-perturbatively in . The results in Appendix B may be thought of as complementary to that work, describing the universal behaviour for general deformations of the 3-sphere at leading perturbative order in for any CFT, rather than the specific squashing deformation to all orders in for specific CFTs.
Another fascinating potential application of Appendix B (and the driving motivation for the work [22] ) is that the behaviour of Z −1 for deformations of Euclidean 3-spheres has been argued to control the amplitude of the wavefunction of the universe for inhomogeneous final states [24] in a holographic version of the no-boundary proposal [32] (see also [33] for related ideas). Understanding that the homogeneous closed universe is preferred in this measure over an inhomogeneous closed one is precisely the same issue as whether ln Z is minimized for the round sphere -Appendix B shows this is indeed true perturbatively independent of the details of the CFT controlling this wavefunction providing it is unitary (so that c T > 0). Likewise, for a non-unitary CFT with c T < 0 the same perturbative calculation would indicate the opposite, namely an inhomogeneous universe would have a greater amplitude for its wave function than a homogeneous one.
Incidentally, one might think that the full Euclidean perturbations of flat space in Appendix A would provide the quickest route to establish (3.27) for R × Σ with Σ perturbed flat space. This latter case can, after all, be thought of as a static perturbation of flat three-space. However, such static perturbations are not normalizable (since they do not decay in the τ -direction). It would not be too difficult to control this divergence, but the holographic computation we performed in Section 3.3 takes care of it automatically and was thus more convenient for our purposes.
Beyond the Perturbative Regime
In the previous section, we have shown using general CFT arguments that the holographic results on the vacuum energy E vac and energy density ρ vac outlined in Section 2 are reproduced perturbatively in any CFT. That is, we have shown that (i) E vac (thought of as a function of the metric on the space Σ) achieves a local maximum when Σ is the round sphere or flat space; and (ii) that for perturbations of the round sphere or flat space, ρ vac is negative when integrated inside level sets of the Ricci scalar of Σ.
Result (i) implies that in the space of geometries Σ, there exists a small neighborhood of the round sphere or flat space on which E vac is negative. For a CFT with a classical gravity holographic dual, it is in fact the case that any geometry on Σ yields a negative E vac . A natural question therefore arises: is this also the case for general CFTs? That is, do there exist any geometries (of given topology) on which E vac is positive? In this section we will give a partial answer to this question by showing that the neighborhood of geometries on which E vac is negative must extend to the boundary of the space of geometries on Σ; that is, this neighborhood is not "perturbatively small".
Properties of E vac
In order to move away from the perturbative regime, we must first establish (or assume) certain properties of the vacuum energy E vac . First, we must of course restrict ourselves to the space of (conformal) geometries on which the theory is well-defined; let us call this space of geometries M. Since we are restricting ourselves to geometries that are in the same conformal class as R×Σ, we will use Σ to label these full conformal geometries. Since we are considering the zero temperature limit, the Euclidean ultrastatic condition defines a preferred conformal frame up to an overall global scaling, so we may think of this labelling as unique up to rigid scaling; in other words, we will think of E vac [Σ] as a functional on Σ ∈ M with invariance under rigid scaling of Σ.
We emphasize that not all regular geometries Σ necessarily yield a well-defined partition function, and therefore M is generically a proper subset of all possible regular geometries (up to scale). To see this in a simple example, consider the free conformal scalar field Φ discussed briefly in Section 2.3. Because the action is quadratic in Φ, the Euclidean path integral defining Z is Gaussian:
where
and as usual ∇ 2 is the Laplacian of Σ and the volume element on Σ in the exponent is understood. Now, when R is positive, L has only positive eigenvalues and therefore the Gaussian integral converges in every direction in the configuration space of Φ (potentially up to a standard divergence in the zero-temperature limit associated to the infinite range of τ ). In such a case, the path integral is well-defined. However, if R is somewhere negative, it's possible for L to obtain negative eigenvalues, corresponding to directions in the configuration space of Φ in which the path integral diverges; in such a case, Z (and therefore the theory) is ill-defined.
Explicitly, consider the subset of the domain of the path integral consisting of τ -independent configurations Φ; on this subspace, the operator L reduces to the operator on the right-hand side of (2.18). But as shown in Section 2.3, on the deformed sphere metric (2.20) the lowest eigenvalue of this operator satisfies ω 2 min < 0 as long as r > 15/4, and therefore L must have at least one negative eigenvalue as well. Thus even though the metric (2.20) is perfectly regular, for r > 15/4 there exists at least one direction in the configuration space of Φ along which the Gaussian integral defining Z does not converge. We thus have an example of a case where a regular geometry does not lead to a well-defined theory, and confirms our earlier statement that generically the space M is a proper subset of the space of regular geometries.
Indeed, from the holographic perspective this feature was briefly alluded to in Section 2. The bounds reviewed there relied implicitly on the existence of a bulk Einstein metric (possibly satisfying further restrictions), but it is unclear whether such metrics exist given an arbitrary Σ. For example in [34] it was argued a four-dimensional bulk without horizons exists provided R×Σ has positive scalar curvature in a particular conformal frame, but in the case of negative scalar curvature there are no existence results, and Witten's original argument [2] may suggest a bulk might not generally exist precisely due to the dual CFT likely being ill-defined as in our free conformal scalar example (see also [35] ). For such Σ there may be no semiclassical bulk description of the holographic CFT, presumably indicating either that it is strongly quantum, or that it is not well-defined. Even if smooth bulk metrics do exist for some Σ, it is conceivable that the metric that defines the semiclassical saddle point may suffer from tachyonic instabilities, and if these resided in the universal gravity sector, they would render any holographic theory on Σ ill-posed. It may also be that despite the gravity dual appearing sound, there is a pathology of the theory associated with stringy physics beyond the gravitational description. While such questions are interesting we leave them as avenues for future study, and here only emphasize that even though we have holographic bounds that apparently apply for wide classes of Σ, this is contingent on the existence of bulk metrics, and also that the resulting metric defines a stable vacuum state not just within gravity but within a full stringy description.
Next, we will need some smoothness assumptions on E vac [Σ] . Recall that as discussed in Section 3, E vac [Σ] is defined as an appropriate zero-temperature limit of − ln Z [Σ] . Now, in general we expect Z[Σ] to be continuous; however, it is possible for Z[Σ] to not be everywhere differentiable, corresponding to first-order phase transitions as the geometry is varied. Thus E vac [Σ] should also be continuous, but may not be differentiable at first-order phase transitions. Nevertheless, it is reasonable to expect that E vac [Σ] should be differentiable at any local minima; that is, none of its local minima should be "cusp-like". The intuition for this expectation is perhaps clearest in the Lorentzian picture. In that case, the phase transitions identify locations in M where the state with the lowest free energy changes (and thus right at the phase transition, the vacuum is degenerate). Thus any cusps in E vac [Σ] (which is the free energy at zero temperature) indicate the presence of other states with a free energy different (and necessarily higher) than that of the vacuum state for Σ near the phase transition geometry. But cusp-like local minima of E vac [Σ] would indicate the presence of states near the transition geometry with free energy lower than that of the vacuum at the transition geometry (essentially by "continuing through" the cusp), contradicting the condition that the free energy be minimized by the vacuum state. Therefore their existence must be excluded. While this argument is not precise, it motivates the following assumption: we will assume that all local minima of E vac [Σ] in M are critical points.
This assumption has an important implication, which we will exploit below. From (3.8), the spatial vacuum stress tensor can be obtained from a functional derivative of E vac [Σ]; thus the spatial vacuum stress tensor must vanish at any critical point of E vac [Σ] . Moreover, by the tracelessness of the full stress tensor, a vanishing spatial stress tensor implies a vanishing energy density, and therefore the energy density vanishes at critical points of E vac [Σ] as well. But since E vac can be expressed as an integral over this energy density, we conclude that E vac must vanish at any of its critical points. Combined with the above assumption, we infer that E vac must vanish at any of its local minima. We may now exploit this result to extend the perturbative results for E vac away from flat space and the round sphere.
Non-Perturbative Bounds
Assume there exists some geometry Σ with negative vacuum energy, and consider the space X Σ of geometries which are connected (in M) to Σ and on which Figure 1 . A schematic depiction of the partition of M into regions of nonpositive and nonnegative E vac . Any regions of nonpositive E vac (gray) must extend to the boundary of M (i.e. there can be no "islands" of nonpositive E vac ). The black dot represents the round sphere or flat space; these both lie within a region of nonpositive E vac .
nonpositive:
Roughly speaking, X Σ is the space of all conformal geometries with nonpositive energy that are smoothly deformable to Σ. Our purpose is to show that X Σ is not bounded in M; that is, that it must extend to the boundary of M. We will proceed by contradiction. Assume that X Σ is in fact bounded; because E vac [Σ] is continuous, it must be that E vac [∂X Σ ] = 0; thus E vac must achieve its minimum value in X Σ in the interior of X Σ , and therefore this minimum must be a local minimum. But such a local minimum cannot exist, since E vac would need to be negative there, whereas we established above that E vac must vanish at all of its local minima. We therefore have a contradiction and conclude that X Σ cannot be bounded in M.
Thus any regions of nonpositive E vac must extend to the boundary of M; that is, a partition of M into regions of nonpositive E vac must look schematically as shown in Figure 1 . Interestingly, because we have only assumed that local minima of E vac [Σ] are critical points (and in particular, we have made no claim regarding its local maxima), we cannot invert this argument to obtain any conclusions about regions with nonnegative E vac 10 .
Of particular interest is the region containing the round two-sphere S 2 or flat space R 2 (depending on the topology of the space Σ under consideration). By the perturbative calculations of Section 3, flat space and the round sphere (modulo scale) belong to a region of nonpositive E vac . We have thus obtained the promised global generalization of the results of Section 3: the neighborhood of the round S 2 or flat R 2 with nonpositive vacuum energy extends to the boundary of the space of conformal geometries on which the theory is well-defined. In other words, the round sphere or flat space can be continuously deformed to a geometry on which the theory is ill-defined while maintaining a nonpositive vacuum energy. Moreover, any nontrivial perturbation of the round S 2 or flat R 2 generically initiates a trajectory of steepest descent leading to the boundary of M.
This result makes it natural to wonder whether E vac is always non-positive over all of M for these topologies. Indeed, this is precisely what the holographic bound (2.7) implies for holographic CFTs (modulo caveats regarding the existence of a bulk dual). Unfortunately, we have no convincing argument that allows us to make such a general statement for all CFTs, and it may well be that for some CFTs more complicated pictures, such as the schematic one depicted in Figure 1 , occur. Perhaps even if it is not generally true, one might hope it may be the case for many classes of (2 + 1)-dimensional CFTs beyond just holographic ones. Conceivably this could be tested by employing numerical methods like those used in [23] ; it is clear that the behavior of E vac near the boundary of M is crucial in determining whether E vac can anywhere be positive, and perhaps near-degenerate metrics may provide a possible avenue to understand global properties of E vac .
Finally, let us comment on potential generalizations to ln Z. The above argument made crucial use of properties that E vac inherits from ln Z; since the perturbative results of Appendices A and B find that ln Z is locally minimized on the three-sphere and flat Euclidean space, it is natural to ask whether there are analogous global statements we can make for ln Z. The answer appears to be no. A crucial ingredient in the argument above was that E vac must vanish at critical points of ln Z, but there is no analogous statement constraining the behavior of ln Z at these points. Without such a constraint, the argument does directly not extend to ln Z. Nonetheless, if the space of geometries on which ln Z exceeds its value on the round three-sphere or flat Euclidean space did not extend to the boundary of M, it would imply the existence of an additional local extremum of ln Z. While the existence of such a geometry is possible, it seems unlikely as it would need to have vanishing stress tensor. This intuition leads us to believe that it is likely that just as for E vac , there are directions along which ln Z increases from its local minimum on the round three-sphere or flat Euclidean space all the way to the boundary of M.
Given this tentative result, one might also wonder whether our perturbative analysis of ln Z about the round Euclidean three-sphere in Appendix B suggests ln Z must always be greater than its value on the round sphere. This cannot be, as the recent study of [23] showed explicitly that ln Z for a free Dirac fermion under a sufficiently large squashing deformation attains a value less than that on the round sphere. However, given that a potential global bound on ln Z is violated by the free Dirac Fermion, this observation offers an interesting testing ground for the putative global bound on E vac : namely, is E vac always nonpositive for the free Dirac fermion when Σ is a squashed sphere?
Dissipative Dynamics
The above global result on E vac allows us to make an interesting observation regarding the dynamics of any system governed by E vac . Consider a CFT living on R × Σ but where now Σ is permitted to evolve dynamically (for instance, we may imagine a CFT living on a dynamical membrane embedded in some ambient spacetime). Next, assume that the dynamics of this system is driven solely by the vacuum energy of the CFT (so for the dynamical membrane example the tension would have to be negligible), and is dissipative in the sense that this vacuum energy decreases through the evolution. In such a configuration, the system will evolve in a direction that minimizes E vac . Since Σ is now permitted to evolve, our results above imply that, as long as E vac is initially negative (by, for instance, taking Σ to be a small perturbation of a sphere), this evolution will become singular when Σ reaches the boundary of the space M. This endpoint may correspond to the geometry Σ becoming genuinely singular, or to some other pathology in the theory on Σ.
This observation leads to a natural question: is there a obvious way to encode such a dynamics on M? A simple option is to let the geometry of Σ vary as the spatial stress tensor:
where D is an arbitrary coefficient and λ is the "dynamical time" along the flow of geometries. Note that ξ i is an arbitrary vector field (which may depend on λ) which allows for flow-dependent diffeomorphisms; it encodes the fact that we are only interested in flowing the geometry and not (the components of) the metric. We will call this flow the T -flow 11 . Naively this flow is indeed dissipative for D < 0, as it is then 11 More generally, we could define a flow over the full conformal 3-d geometry G AB as dG AB /dλ = −D T AB g + ∇ (A ξ B) + f G AB , where like ξ A , f is an arbitrary function (which also may depend on λ) which allows for flow-dependent Weyl transformations. Such a generalization is unnecessary to our present purposes and we will not discuss it further here, except to note that (4.4) can be thought of the natural gradient descent of E vac . This follows from the fact that from (3.8), t ij is defined by a functional derivative of E vac with respect to g ij , and hence the flow (for either sign of D) is a gradient flow of E vac :
where the diffeomorphism term ∇ (i ξ j) vanishes via an integration by parts and conservation and staticity of the stress tensor. Hence for D < 0 (D > 0) this is a gradient descent (ascent) of E vac . Interestingly, this dissipative T -flow dynamics with D < 0 is ill-posed, and the T -flow only exists as an (unphysical, at least expecting dynamics to be dissipative) gradient ascent of E vac . This can be seen by a perturbative analysis. The idea is that at sufficiently small scales, the flow can be approximated by its behavior near flat space. As in Section 3.3 we consider a scalar perturbation of the locally flat 2-dimensional space, 6) which may be chosen for all flow time applying a suitable diffeomorphism ξ i . The stress tensor is given as in equation (3.26) , so that under the T -flow the Fourier coefficients χ evolve as
Thus for D > 0, the χ exponentially vanish and locally the flow converges to flat space, while for D < 0 the χ diverge, with smaller scales diverging faster, and the flow is locally ill-posed an in analogous manner to anti-diffusion. Hence the simplest dissipative dynamics on M is actually ill-posed simply because Σ is unstable to "crumpling" on small scales. The well-posed T -flow with D > 0 cannot obviously be viewed as a dynamics, but instead as a natural geometric flow for a (2 + 1)-dimensional CFT on a static curved space, which locally "smoothes out" the geometry. Presumably, this flow will try to return the two-dimensional geometry Σ to flat space or the round sphere critical points of E vac if the starting point is sufficiently near to these. Thus in summary, the global properties of E vac appear to make dynamics driven by the vacuum energy pathological. Any dissipative dynamics will end in a singular geometry, and the most natural dynamics one might consider, namely local gradient descent of E vac , is ill-posed on small scales leading to immediate "crumpling" of the geometry.
as a special case of such a generalized flow.
Perturbative Bounds on Scalar Spectra
Let us now extend away from bounds on E vac and turn to the bound (2.15) , showing that the spectrum of any scalar operator in a holographic CFT on R × Σ is bounded below by the minimum Ricci scalar of Σ. Interestingly, in Section 2.3 we also showed that this same bound is obeyed by a free conformal scalar field. It is natural to ask whether this bound is also universal: that is, does the spectrum of any conformal scalar operator obey (2.15)? Here we will argue that -at least in d = 3 and when Σ is a perturbation of the round sphere -it does.
First, consider a Euclidean CFT (for now in general d) on R × Σ with Σ a perturbed S d−1 , and assume this CFT contains a scalar operator O. We expect the two-point function of O to decay at large Euclidean time as
where as before θ and θ denote points on Σ and where for Lorentzian signature ω min is the minimum frequency mode of O which we want to bound. We may find such a bound by analyzing the behavior of this two-point function. To that end, note that we may express this two-point function on Σ in terms of its value on the unperturbed S
which, at leading order, is corrected via a three-point function with the stress tensor. Writing the metric on Σ as Ω ij + h ij with Ω ij the metric on
where as usual the volume element on the S d−1 is understood. Now, both the two-point function and three point-function above are universal, being determined only by the scaling dimension ∆ of O [36] . The two-point function is just the Weyl map of the flat space one, and corresponds to a spectrum of frequencies ω 2 that are algebraically determined by the SO(2, d) conformal symmetry. Then considering the asymptotics of the leading correction in the large |τ − τ | limit will confirm whether the bound (2.15) holds universally about the round sphere or not. Now, since this leading contribution is universal we may conveniently compute it in a holographic setting.
12 In fact, we may do better: rather than working with the two-point function and then extracting its large |τ − τ | asymptotics, we may directly consider the leading O( ) correction to ω 2 min in the holographic case by considering the lowest fluctuation mode on the deformed bulk vacuum geometry dual to the perturbed 12 For a direct, but more complicated CFT computation see the thesis of A. Hickling [37] . boundary sphere. This correction must reproduce the leading asymptotics computed from the above two-point function.
Let us now restrict to d = 3, as there the holographic computation is quite simple. (In higher dimensions, general perturbations of the boundary metric contain independent tensor modes which then render the bulk solution more complicated.) We perturb the boundary sphere as in (3.31) and again decompose the scalar perturbation χ into spherical harmonics. For a single mode Y m (θ), the boundary metric takes the form
for a constant χ m ; note that we have explicitly written out the real part to simplify notation in what follows. Now, recall that for = 0 and 1 this perturbation is simply a rigid scaling of the sphere or a rotation of it. Since we know the bound is saturated for a round sphere (and thus it will remain saturated for any rigid scaling or diffeomorphism), we neglect these cases and consider Appendix A and B only > 1. Then from (3.40a) the right-hand side of the bound becomes
where the inequality holds for any perturbation with > 1 and we used the fact that Re(χ m Y m ) is oscillatory, so its minimum value is negative. Next, let us obtain the perturbation to the left-hand side of the bound. Following the discussion in Section 2.3 we consider a free massive scalar field φ in the bulk dual to O; then all we need to do is use (2.14) to derive the perturbation to ω 2 min . In order to do so, we must rewrite the perturbed bulk metric (3.33) in the optical language of Section 2, which can be done easily using the function Z = z/ √ 1 + z 2 (which is unperturbed at O( )):
It is then straightforward to show, using the solutions for A, B, and C found in Section 3.4, that the optical Ricci scalar is
with b(z) as given in (3.35a) . Now, at leading order the lowest mode of the scalar has a constant wave function j ω min , and thus from (2.14) ω 2 min = ∆ 2 . Including subleading corrections, this wave function must (up to an irrelevant overall constant) take the form
then inserting (5.6) and (5.7) into (2.14) (and bearing in mind that > 1 and that the integral of any Y m over the sphere vanishes for = 0), we find that ω 2 min is in fact unperturbed at O( ): ω
Now comparing (5.4) and (5.8), we find that (for d = 3) the spectral bound (2.15) holds and is no longer saturated at O( ). We have shown this for any > 1 harmonic perturbation to the unit round S 2 , and so clearly it remains true for any nontrivial sum over modes. But due to the universality of the O( ) shift to ω 2 min , this result must be true for any CFT (and not just a holographic one).
Thus for any d = 3 CFT on R×Σ the bound (5.4) must hold perturbatively when Σ is a perturbation of the round sphere. Again we emphasize that for any nontrivial perturbation (so that the Ricci scalar R is non-constant at order O( )), the bound is not saturated at order O( ): this implies that for sufficiently small perturbations of the sphere, higher order corrections in (which will involve non-universal higher point functions) will not cause the bound to be violated; in other words, there must exist some neighborhood of the round sphere in which the bound holds. The generality of this result (especially given that it holds nonperturbatively and in general dimension for both holographic field theories and a free conformal scalar) makes it quite natural to wonder whether this bound holds more generally than just in a neighborhood of the round sphere in d = 3.
In particular, one might wonder how easily the argument provided here can be generalized to general dimension. While some aspects of our argument are indeed valid for general d, the key subtlety is that for d > 3, perturbations of the boundary sphere have independent transverse-traceless tensor modes. These (being non-scalar modes) cannot perturb either the boundary nor optical bulk Ricci scalars at order , and thus these tensor modes will leave the bound unaffected at order . In particular, the bound will remain saturated to O( ) for such perturbations of the round sphere, and therefore the behavior of higher-order corrections is crucial for determining whether or not the bound is obeyed. But these higher-order corrections are not obviously fixed by conformal invariance. For instance, the O( 2 ) correction to ω 2 min will depend on the fourpoint function OOT T , which is constrained but not fixed by conformal invariance. Hence the universality arguments we exploited here would not apply. Nevertheless, since only the asymptotics of the two-point function OO are involved in the bound (rather than its full form), perhaps it is still possible to extract some universal behavior. We leave this as an interesting direction for further study.
Summary
In this paper, we have explored whether certain properties of holographic CFTs on curved spaces are in fact universal to all CFTs. We have focused on the negativity of the vacuum energy E vac and a local generalization thereof for three-dimensional CFTs on R × Σ and have found that in any unitary CFT, if Σ is a static perturbation of flat space or a round sphere, E vac (and its local generalization) must be negative. A similar perturbative result holds for ln Z defined on deformations of a three-sphere, and this may be of relevance for holographic proposals for the universe wavefunction.
By exploiting general features of E vac we have extended this negativity result for E vac away from the perturbative regime: the neighborhood of the round sphere or flat space on which E vac is negative must in fact extend all the way to the boundary of the space of conformal geometries on which the CFT is well-defined. This global extension allows us to conclude that any dynamical evolution of Σ governed solely by a minimization of E vac must eventually become singular. Indeed, the most natural dynamics, given by a gradient descent of E vac , in fact is ill-posed in an analogous manner to anti-diffusion, where short distance behavior is pathological. Interestingly the (unphysical) gradient ascent of E vac gives a geometric flow of metrics on Σ which acts to smooth inhomogeneity.
We have also investigated the universality of a bound on the spectrum of scalar CFT operators. In particular, we have shown that in three dimensions and for perturbations of the round sphere, the minimum frequency ω 2 min of a scalar operator O is bounded from below by the minimum value of the Ricci scalar on Σ. Interestingly, this bound holds nonperturbatively and in any dimension not only in holographic CFTs with gravity duals, but also for the free conformal scalar. Our perturbative results, coupled with the universality of the free and strongly coupled regimes, are tantalizing hints that this result may indeed be broadly universal.
Perhaps the most interesting open questions are whether the negativity bounds on E vac and ρ vac apply universally to all three-dimensional CFTs for all metrics Σ of flat or sphere topology. For holographic CFTs this is true for both bounds (with certain caveats we have discussed, such as the existence of bulk metrics). Moreover, we have argued that for any CFT the neighborhood of flat space or the round sphere about which E vac is negative extends to the boundary of the space of metrics in some direction -does it do so in all directions? Likewise the scalar bound case is tantalizing as it is true non-perturbatively for a free conformal scalar CFT, and also holds in this and the holographic case in any dimension. Does it also hold for all CFTs for all metrics Σ of sphere topology?
The main theme in our analysis was to note that for perturbations of the round sphere or flat space, the bounds obtained from holographic CFTs can be rewritten in terms of two-and three-points functions of known field theoretic operators on flat space or on the sphere. Because these two-and three-point functions are fixed (up to an overall constant) by conformal symmetry, they must take the same form in any CFT as they do in holographic ones, and thus the holographic bounds must hold (perturbatively) in all CFTs. While this argument is quite simple from the field theoretic perspective, a priori this universality was not at all obvious. It was only thanks to the universal holographic results outlined in Section 2 that we we able to obtain results universal to all CFTs. Thus the work presented here is an example of holographic intuition leading to novel and universal field theoretic findings 13 . It is quite possible (indeed, likely) that additional universal CFT results lie waiting to be discovered in this way; we leave these discoveries for exciting future work.
in Appendix A, since the three-sphere is locally Weyl flat. In fact, it follows immediately from the results of Appendix A that the partition function must increase under perturbations of the sphere that vanish (sufficiently rapidly) at the pole. To see this, it is sufficient to note that the three-sphere metric Ω AB can be obtained from a Weyl rescaling of flat space which is singular at the pole: Ω AB = ω 2 (x)δ AB , with ω(x) = 2 1 + |x| (B.1)
in standard Cartesian coordinates, and the point |x| → ∞ at which ω vanishes corresponds to the north pole of the sphere. 2 ) under perturbations of the three-sphere which arise from a Weyl rescaling of regular perturbations of Euclidean space.
What about more general perturbations of the sphere? In principle one could obtain such perturbations by an appropriate limit of regular perturbations of flat space, and therefore the same result would apply. However, we may circumvent this issue entirely by performing the calculation of δ 2 Z in the holographic setting, after which the arguments of Section 3 ensure the result must be universal.
We thus proceed similarly to the flat space computation. First we decompose a general metric perturbation on the three-sphere as
where again H T T ij is transverse and traceless. As in flat space, the scalar and vector perturbations are physically uninteresting and so we ignore them. We then decompose H T T AB into transverse-traceless tensor spherical harmonics [40] : Thus as desired (and recalling that n ≥ 1 for transverse-traceless tensor spherical harmonics), we see that any perturbation of the three-sphere increases ln Z from its value on the round sphere at leading nontrivial order in .
